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1 INTRODUCTION..

Studies of high voltage, high current, field emission diodes us-
ually include some attempt to relate total current flow, I , or
current density, J , to inter-electrode voltage, Va , and diode
geometry (spacing, d , area, A , etc.) via a space-charge lim-
ited flow hypothesis. All such studies to date have been made
by approximating the diode geometry to an infinite parallel-
plane situation, enabling the use of the simple (non-relativis-
tic) Langmulr-chlld relaulon.
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where €5 , e and m have usual meanings,

This simplification is justifiable in the majorlty of cases,
where macroscopic parallel-plane geometry (as in, for example,
"plasma" and multi-needle cathodes) is modified only by small
edge effects and where the overall accuracy aimed at is, in any
case, not high,

There are situations, however, in which a parallel-plane soclu-
tion is probably too far from the truth and where even an ap-
proximate solution of a more realistic geometry would be of
value. This has recently arisen in connection with the inves-
tigation of the effects of plasma growth in highly divergent
electric~field diodes.

This note describes one approach to the particular case of
cylinder-plane geometry, where a single edge emitter is assumed
to be covered by an expanding plasma cylinder of zero work func-
tion.

2 OUTLINE OF APPROACH

A cross-section of the system under study is shown in Fig 1,
where an infinitely long uniform cylindrical emitter of radius
a has its centre at distance d from an infinite plane anode.
For Laplacian fields, at least, the associated two-dlmensional.
potential distribution is transformable to +that resultlng from
two concentric c¥llnders by a conformal transformation. ( c=
cording to Weber(2), it is also transformable for Poissonlan
fields arising from superimposed space charge. We are thus able
to calculate exactly the field distribution arlslng from applied
‘potential and known charge density distribution in the system of
Fig. 1. We can obtain an approximation to current density dis-
tribution by making a fundamental assumption: for an electron .
velocity vector v , VW xv = 0, i.e. all electrons move
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along field lines. We are, in effect, .considering zero "trans-
verse mass" charge carriers, so that transverse inertial ef-
fects are neglected. This may be looked at-alternatively as an
assumption that the form of the equipotential surfaces are un-
changed by the presence of moving charges; only the value of
potential assigned to them is changed.

The error introduced by this assumption is dependent on field
line curvature, which in a cylinder-plane system is not large.
The error is reduced by self-magnetic field effects of the cur-
~rent flow; for an electron with instantaneous radius of curva-
ture R ,_mv /R Fforces are offset to . a greater or smaller ex-
tent by Vv x Bg forces.

Two further simplifications have been made in this approach.
‘Relativistic effects have been ignored and self-magnetic field
forces neglected. A rough idea of relativistic correction can
'be obtained by noting that, for the parallel plane situation,
the current density is decreased by ~ 9% at 0.5-MeV and by 14%
at 1 MeV. The neglect of magnetic forces obviously restricts
application of the results to cases where violent pinching is
not evident. :

The analytical scheme is this:
(i) Transformation of real (z-plane) co-ordinate system to

w-plane by ‘a conformal transformatlon which makes elec-
~trodes concentrlc cyllnders. I

(ii) “Calculatlon ‘of.current density distribution in w~plane
by. use: of Langmulr s solution of V4r = -~ p/Eo

(iii) Inversion to z-plane by use ‘of transformation ratio which
is valid for charge density (p) and hence for current
‘density {(with preceding assumptions): - J = pv , v = £(V)

only and V invariant;

i.e. we are‘saying(z)

J,., dx.dy = J = = J du-dv cene (2)

(z) (z) dw. 2 {w)

‘where J¢,) and J(y) are current density in 2 and W

planes respectively, and Idw/dz| is the -appropriate scale
ratio.
(iv) ‘Integration of J¢, | over appropriate contour to. obtaln

~current. per unit length I/1 .
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3 CALCULATION OF CURRENT DENSITY AND TOTAL CURRENT

(1) TRANSFORMATION
We take the origin in the Z-plane as p units behind the anode
plane (Fig 2). P will be subsequently chosen to make the
transformed circles of anode and cathode surfaces in the w-
pPlane concentric. - : .
The appropriate transformation in this case is the inversion
transformation{l) defined by : o '
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1

Then the anode plane in the z-plane transforms into a circle in
the w-plane of radius rp = 1/2p and centre (1/2p, o), ie it
passes through the origin (Fig 3). ‘The cathode transforms to a
circle in the w-plane of radius .

r, = 3 — centre (p;d)_ 3 4 O
(p+d)“ - a . (p+d) " - a” N
For the circles to be concentric, we have:
pt+d = L
(p+d)2 _ 32 _ 2p.

(2} J(w) IN THE w-PLANE

The cathode current density of a concentric cylindrical diode
with cathode radius rp , anode radius rp and inter-electrode
potential V5 is: R oo _ -
2.34 x 107 v _3/2 , -
Ty = 2 - a/en® cee (5)
Ta Tp B (rp/ry) |

where g2 (rg/ra) is a tabulated function of the ratio ra/ra.
(See, for example, ref. 3). - : : _
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(3) INVERSION-TO THE z—PLANE

For the inversion transformatlon (equatlon 3), the charge'and
current density scale ratio is: - :

dw 4

dz

1
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veus (6)

S0 thét, from (2) we have; for z—pléne curfent dehsity:

= S b
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(4) TOTAL CURRENT

In order to derive a total current relation, we need fo inte-
grate (7) over a suitable contour in the z-plane. This is fa-
cilitated by expressing z in terms of the angle 6 of Fig 2.

|2 = [(p+d) + a cos 812 + [a sin 672 .
Putting p + d = Xo 4 the'Originétd—cylindér céntre distance:
2

lz|< = (gc + a“) fhzaxc qo;_e.f : L cess (8)

The total current per unit length contained between angles 6]
and 92 on the cathode is thus:

% 238 x 1078 v 32 L4 [
[1] o a de (9)
.j_-— —_— r 2 - % =
X3 2¢ B v [a, + b, cos 8]
A
where a, = X 2 + a2
1 (o4
bl = 2 axc .
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For the current: from the. whole of the cathode c1rcumference, we
~have

and; from. (10):

B (al;'“bi

the. integral vanishing at the lower limit.

2_ .2y %

',555_(§12:*hl?i' = {x_ " ~-af%) , we have fipallys.

{1 14.66 x 107 a3/2‘t,a_- O
H T - | —— - ee. (1)
T
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-Wherew_inutemeﬁQf«the;gecmetrygin;the-z—plane; {a,d). :
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4 IPRACTiCAL-FORM"OF THE‘RESULTS

In .order ‘to put equatlon (11) into a form more readlly applic-
‘able to ‘experiment, a series of calculations of effective per-

veance K ‘have been performed whare.

l T . - Afem
. 3/2

 (volts)

Ceeen (13)

KA/em

V. 31?- /2

Vv

In these Calculatlens, K 'was Ccomputed as a functlon of the
. effective diode spacing (d = a) for a series of values of
“cathode. centre to -anode .plane distance :d ., using tabulated
values of g2 (rB/rA) Two itypical results.are shown .in Figure
R R O good fit ds prGV1ded 1n ‘each wcase by a-straight line (log-
log. ‘paper) ‘of Slope. ~47/3;

Jie ' the depéendence of - K -on d- and
a. can pe.. apprexmmated,by @ relatlon of the form- e

e%ggu;:artdf

‘where 'diad is a Function of -4 -alone.

Now_ it is- readily shown +that as. .a +o0 ,:BQKxB%rAQrf'l and
X 5 7174, 86 that we would ‘expect aitd) tofbefof~the form

-given be_
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d m ie o (d) ~ 7 dl/3 -

In fact, a slightly better fit to the numerical results is:

a(d) = 5.8 al/3

so that, finally, the perveance can be written:

5.8 at/3 -
K (a,d) = 15:27175 eees (14)

From the definition of perveance (13), the total current per
unit length of diode is thus: '

1/3
' 3/2 . _ 4
[T]T = 5.8 VMV m KA/cm ceos (15)

and the diode impedance Zp for one cm length, given by

7 = Vv _ 103 q
T I - 1/2
KA KV,

per cm length, becomes:

4/3
_ -1/2 (d-a) _
ZTlR' = 172 VMV ——5-1-7-3— 9] cm es ee (16)
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